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sg45 Maximum-likelihood ridge regression

Bob Obenchain, Risk Benefit Statistics LLC, Carmel, IN, 317-580-0144

Ridge regression is a graphically oriented methodology for analysis of ill-conditioned (multicollinear) regression models.
Ridge methods tend to be computationally intensive, especially when normal-theory maximum-likelihood estimation techniques
are incorporated to provide objective information about the most appropriate form and extent of shrinkage. This insert presents
an overview of ridge concepts along with five Stata programs to monitor the effects of shrinkage.

Ill-conditioning and ridge regression

Fitting of models to ill-conditioned data collected retrospectively poses serious obstacles to multiple regression practitioners,
particularly in such fields as economics where interest can focus on the relative sizes of estimated coefficients. Consider the
classical multiple regression model

y = 1�+X� + � (1)

where y is an n�1 vector of observations on the response variable, � is the unknown intercept, X is an n�p matrix containing
coordinates for p � 2 nonconstant predictor variables, � is a p� 1 vector of unknown coefficients, and � is an n� 1 vector of
unobserved, normally-distributed disturbance terms

� � N(0; �2I) (2)

If the predictor variables are centered by subtracting off their observed means and the resulting X matrix of explanatory variables
is of full column rank, then the maximum-likelihood estimate of � is the least-squares solution

b� = (X 0

X)�1X 0

y (3)

It is straightforward to show that b� � N(�; �2(X 0

X)�1) (4)

Problems arise when X is ill-conditioned. Numerical ill-conditioning occurs when exact linear relationships exist between,
say, the i-th and j-th explanatory variables. That is,

xi = a+ bxj ; (5)

where a and b are constants. In this case, X 0

X is singular, and b� is not uniquely determined.

More commonly, two or more X variables are highly correlated, and X
0

X approaches singularity. In this situation, b� is
unique but is imprecisely estimated. In other words, the relative magnitudes of the elements of b� may be distorted (they may
even have “wrong” numerical signs), because the fitted coefficients are also highly correlated. As a result of this statistical
ill-conditioning, elements of b� or certain linear combinations may be insignificant primarily because their variances are relatively
large.

The topic of ill-conditioned regression models is one of the most thoroughly researched problems in statistics, and ridge
regression is one approach that has been proposed to treat the symptoms of ill-conditioning. Ridge estimators shrink the estimated
coefficient vector, b�, and thus provide biased estimates of �. But variance is also reduced by shrinking, so ridge estimators can
achieve lower mean squared error (MSE) risk than least squares.

An intuitive way to treat ill-conditioning is to increase the diagonal elements of X 0

X before attempting to invert this inner
products matrix and to form b� via equation (3) (Piegorsch and Casella 1989). Indeed, the original ridge estimator of Hoerl (1962)
was

�
� = (X 0

X + kI)�1X 0

y (6)

where k is a small, positive constant.

Interest in ridge regression was sparked by Hoerl and Kennard (1970a, 1970b) when they suggested plotting the p elements
of �� as a function of k in a graphical display called the ridge trace. They observed that the relative magnitudes of the elements
of �� tend to stabilize as k increases and over-optimistically conjectured that it is easy to pick an extent of shrinkage yielding
lower MSE than least squares. For more than twenty years now, a storm of criticisms, alternative proposals for choice of k, and
ridge simulation studies have appeared in the statistical literature. If any sort of consensus has emerged, it may well be that
(a) ridge methods tend to shrink much too much to be anywhere close to being minimax rules (that is, you can end up either
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winning big by reducing MSE or else losing big by increasing MSE) and (b) the generalized cross validation method of Golub,
Heath and Wahba (1979) for picking an appropriate extent of shrinkage is a consistent high-performer in simulation studies.

Classical, normal-theory maximum-likelihood estimation in generalized ridge regression has been a research interest of
mine since 1973. In my first published ridge paper, Obenchain (1975), I derived general equations for likelihood monitoring
that generated little interest, apparently due to their complexity. However, Gibbons (1981) did evaluate this O-method and found
that it out-performed generalized cross validation in her “favorable case” MSE calculations. In Obenchain (1981), I restricted
interest to a specific two-parameter family of generalized ridge estimators, given in equation (12) below, and derived a closed
form expression for the extent of shrinkage along a given ridge path that is most likely to achieve minimum MSE risk (see
equations (15) and (16) below). This maximum-likelihood approach to shrinkage is fairly conservative in the sense that it reduces
the MSE risk by only about 50 percent even when its �MSE = 0 (see equation (13) below), but this conservatism also means
that the maximum-likelihood approach can increase MSE by at most 25 percent in the least favorable cases, usually somewhere
in the �MSE = 0:8 to �

MSE = 0:9 range. Ridge methods that shrink more aggressively than maximum likelihood tend either to
do a little better or else much, much worse on MSE, depending upon whether the application is either favorable or unfavorable
to shrinkage, respectively.

Other ridge research efforts of mine (Obenchain 1978, 1984) led to greater understanding of a variety of multivariate
risk (matrix valued MSE) characteristics of shrinkage estimators, along with corresponding normal-theory maximum-likelihood
estimates. Like ridge coefficients, these risk estimates can also be plotted in traces to display the effects of shrinkage and to help
ridge practitioners decide whether to start shrinking in the first place and, once they start shrinking, where to stop.

Principal components and generalized ridge regression

This subsection contains technical details of generalized ridge estimation that may be skipped over on first reading. Here we
show (i) how to decompose least squares estimates into uncorrelated components and principal correlations, (ii) why regression
on principal components is a special case of generalized ridge regression, and (iii) how ridge estimators shrink least-squares
coefficients along the principal axes of the given X coordinates.

Even in cases where X is numerically ill-conditioned—rank(X) = r < min(p; n� 1)—the singular value decomposition
of X can be written as X = H�1=2

G
0. In this decomposition, H is an n� r semi-orthogonal matrix of standardized principal

coordinates, G is a p � r semi-orthogonal matrix of principal axis direction-cosines, and �1=2 is an r � r diagonal matrix of

ordered singular values, �1=21 � � � � � �
1=2
r > 0.

Although the least-squares solution is not uniquely determined when r < p, the shortest least-squares coefficient vector isb� = G��1=2
H

0

y � Gc, where c is the r � 1 vector of uncorrelated components of b�. Note that

c � N(; �2��1) (7)

where  � G
0

� are the r unknown true components of �. The structure of these uncorrelated components, c = ��1=2
H

0

y,
provides key insights into the nature of statistical ill-conditioning:

ci = r
o
i

r
y0y

�i
(8)

where roi is the principal correlation between y and the i-th column of H , the familiar R-squared statistic is R2 = r
o2
1 + � � �+r

o2
r ,

and the t-statistic for testing i = 0 is

ti =
cib���1=2i

= r
o
i

s
n� r � 1

(1�R2)
(9)

Thus the i-th principal correlation, roi , determines whether the i-th component is statistically significant, and yet ci can be large
numerically simply because its �i is relatively small rather than because its roi is relatively large.

Linear generalized ridge estimates are of the form

�
� = G�c =

X
gi�ici (10)
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where � is an r � r diagonal matrix of non-stochastic shrinkage factors, �1; � � � ; �r, and gi is the i-th column of G. Each
shrinkage factor lies in the closed interval from zero to one, 0 � �i � 1, and the total extent of shrinkage is measured by

m = r � �1 � � � � � �r = rank(X)� trace(�) (11)

This m is called the multicollinearity allowance ridge parameter, introduced and discussed in Obenchain and Vinod (1974),
Vinod (1976) and Obenchain (1981). Ridge coincides with least squares at m = 0 (�1 = � � � = �r = 1), and all ridge coefficients
approach zero as m approaches its upper limit of m = p (�1 = � � � = �r = 0).

Regression on principal components is the special case of equation (10) in which each �i is either 0 or 1. Standard methods

for deciding which �i to set equal to zero are: (a) the components with the smallest singular values, �1=2i , or (b) the components
with the smallest absolute principal correlations, jroi j.

Our primary focus will be on the two-parameter ridge family in which the shrinkage factor applied to the i-th uncorrelated
component of the least-squares solution is of the general form

�i = �i=(�i + k�
q
i ); (12)

where k is nonnegative and q is a finite power that determines the shape (or curvature) of the ridge path through p-dimensional
space (Goldstein and Smith 1974). The “ordinary” ridge estimators of equation (6) correspond to q = 0 in equation (12).

The two-parameter family is quite versatile in the sense that most shrinkage paths considered in ridge regression literature
are either special cases or limiting cases of this family. For example, q = 1 yields uniform shrinkage, �1 = � � � = �p. In actual
ridge practice, ties among eigenvalues are rare (except in designed experiments.) The common situation is �1 > � � � > �r > 0
where r = rank(X) � p, and the first r shrinkage factors are then all unequal as long as m > 0, m < r and q 6= 1 in
equation (12). Note that q > 1 would focus initial shrinkage upon major principal axes, �1 < � � � < �r, while q < 1 focuses
initial shrinkage along minor axes, �1 > � � � > �r. These q < 1 (declining �) shrinkage patterns, when favored by the y data,
have much greater potential for reduction in MSE risk via variance-bias trade-offs than do the q > 1 patterns.

The limit as q approaches +1 is optimal for the Gibbons (1981) “unfavorable case” where the true � vector lies along
the eigenvector corresponding to the smallest regressor eigenvalue, �r. And the limit as q approaches �1 is essentially what
Marquardt (1970) called “assigned-rank” regression. In both of these limiting cases, the shrinkage path travels along a series
of “edges” of the principal-components regression hyper-rectangle. I have found that q = �5 is usually adequate to roughly
approximate these q = �1 limiting cases.

It is easily shown that the unknown extent of shrinkage that minimizes the MSE risk of �ici as a linear estimate of i is

�
MSE
i =


2
i

2i + (�2=�i)
=

�i

�i + (�2=2i )
(13)

These equations can be solved to express i and � as functions of �i and of any trial value for the �i shrinkage factor to yield

i = ��

s
�i

�i(1� �i)
=

��p
k�

q
i

(14)

where the last expression follows only for ridge estimators in the two-parameter family of equation (12). The likelihood that
any given ridge estimation minimizes MSE risk is then defined by maximizing, by choice of the b� estimate and the � signs, the
likelihood that  is of the form given in equation (14). The resulting closed-form solution, Obenchain (1981), is

bk = bk(q) = �X�
(1�q)

j

� 1�R
2CRL2(q)

nR2CRL2(q)
(15)

where the “curlicue” function is

CRL(q) =

P��roj ���(1�q)=2jqP
ro2j

P
�
(1�q)

j

(16)

Furthermore, the most likely q-shape is the one that maximizes CRL(q) (Obenchain 1975) AND CAN be found by numerical
search. Note that these maximum-likelihood ridge estimators are more versatile than principal components regression in the sense

that they use both the r
o
i and the �

1=2

i to select shrinkage factors anywhere in the range 0 � �i < 1.
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A reasonable way to plot traces for the family of equation (12) is first to decide which p quantities will be plotted vertically,
then to fix the value of the shape parameter q, and finally to plot with m of equation (11) on the horizontal axis over the range
from m = 0 (k = 0) to m = r (k = +1). In the Stata ado files, numerical values for the k parameter are determined implicitly
given values for m and q. And all trace displays use m of equation (11) on the horizontal axis instead of k so that traces will
not only have finite width but will also be easier to compare for different choices of q-shape.

The Stata ado-files

This insert presents five Stata programs to estimate and evaluate models using maximum-likelihood ridge regression:

rxrcrlq determines which q-shape (curvature) for the shrinkage path is most likely to contain the MSE-optimal ridge estimator.
rxrcrlq searches a user-specified lattice of q-shapes within the range �5 � q � +5.

rxridge performs generalized ridge calculations and displays five types of traces of specified q-shape: (i) shrunken coefficients (��i
of equation (10)), (ii) estimated scaled (or relative) MSE, (iii) excess MSE eigenvalues (OLS minus ridge), (iv) inferior-direction
cosines, and (v) ridge shrinkage �-factors.

rxrmaxl computes three types of likelihood criteria to determine an ideal extent of shrinkage along a path of given q-shape:
(i) classical, (ii) random-coefficients, and (iii) empirical Bayes.

rxrrisk computes and displays, for specified true model parameters  and � and specified path q-shape, five types of traces:
(i) expected coefficients, (ii) true, scaled MSE, (iii) true excess MSE eigenvalues, (iv) the true inferior direction, and (v) ridge
shrinkage �-factors.

rxrsimu generates, for given model parameters and specified path q-shape, pseudo-random responses and a trace of the resulting
true scaled, squared-error losses from shrinkage.

Note that the first three programs—rxrcrlq, rxridge and rxrmaxl—are the ones you should find most useful for data
analysis and statistical inference. However, you may use the last two programs—rxrrisk and rxrsimu—to convince yourself
that the estimation methods incorporated in the first three programs can be expected to work well in actual practice; in fact, this
is the approach that we will use in this insert.

Our exploration of the Stata programs for likelihood-based ridge regression is organized as follows. First, we show how
true expected risks and simulated losses, respectively, can be expected to vary upon shrinkage when the regression parameters,
� and �, have known values. Unfortunately, these two preliminary sections have little to do with the usual analysis/inference
situation in which ridge regression is actually applied, that is, when the unknown regression parameters are to be estimated
from an observed response variable conditional on given predictor variables. On the other hand, we will see later that traces of
maximum-likelihood estimates of unknown, true MSE risks can mimic the most important features of their population analogs.
And illustrating this phenomenon certainly enhances the credibility of our graphical/likelihood approach to ridge regression
analysis.

The formal syntax diagrams and listings of options are reserved for the final section of the insert.

The Portland Cement data

The remainder of this insert uses the Portland Cement data of Hald (1952) to illustrate use of the five Stata programs. This
data set is well known and also quite small (only n = 13 observations on p = r = 4 predictor variables named v3CA, v3CS,
v4CAF and v2CS.) This is the same numerical example I used in Obenchain (1984) to illustrate that one’s data can suggest use
of a relatively extreme path shape; here, our motivation for using the q = �5 path shape will be postponed until we illustrate
the usage of rxrcrlq.ado.

Known model parameters: rxrrisk

Let us assume that the true values of the uncorrelated components of � are  = G
0

� = (:646; :0; :323; :108)0 and the
true error standard deviation is � = :215. These numerical values are fairly close to their least squares estimates for the heat

response variable of Hald (1952); namely, b = (:657; :008; :303; :388)0 and b� = :163. The example below uses rxrrisk to
display expected shrinkage results (Figures 1–4) for the q = �5 family of (12). We begin by using the Portland Cement data
and loading the matrices rxgamma and rxsigma with the values assumed for  and �, respectively.
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. use haldcemt

. matrix rxsigma = (.215)

. matrix rxgamma = (.646,.0,.323,.108)

. rxrrisk heat v3CA v3CS v4CAF v2CS, q(-5) m(2) t(0.001)

RXrrisk: Shrinkage Path has Qshape =-5.00

RXrrisk: Estimated Sigma = .16259326

RXrrisk: Estimated Uncorrelated Components...

c[1,4]

c1 c2 c3 c4

c1 .65695805 .00830862 .30277026 .38803631

RXrrisk: True Sigma = .215

RXrrisk: True Uncorrelated Components...

rxgamma[1,4]

c1 c2 c3 c4

r1 .646 0 .323 .108

RXrrisk will now rescale the true sigma and components,

preserving all signal/noise ratios, so as to equate the

expected response sum-of-squares to yTy = 12

RXrrisk: Rescaled True Sigma = .21513909

RXrrisk: Rescaled True Uncorrelated Components...

rxgamma[1,4]

c1 c2 c3 c4

r1 .6464179 0 .32320895 .10806987

MCAL = 0.000 ... True OLS Summed SMSE = 51.858386

MCAL = 0.500 ... True Summed SMSE Risk = 13.43022

MCAL = 1.000 ... True Summed SMSE Risk = .78905158

MCAL = 1.500 ... True Summed SMSE Risk = 1.0183621

MCAL = 2.000 ... True Summed SMSE Risk = 2.5913642

MCAL = 2.500 ... True Summed SMSE Risk = 2.6182079

MCAL = 3.000 ... True Summed SMSE Risk = 3.1409814

MCAL = 3.500 ... True Summed SMSE Risk = 5.5661976

MCAL = 4.000 ... True Summed SMSE Risk = 11.537242

RXrrisk: Expected Coefficients...

obs was 0, now 9

(Note: file rxrrisk1.dta not found)

file rxrrisk1.dta saved

(graph appears, see Figure 1)

RXrrisk: True Scaled MSE Risk...

obs was 0, now 9

(Note: file rxrrisk2.dta not found)

file rxrrisk2.dta saved

(graph appears, see Figure 2)

RXrrisk: True Excess Eigenvalues...

obs was 0, now 9

(Note: file rxrrisk3.dta not found)

file rxrrisk3.dta saved

(graph appears, see Figure 3)

RXrrisk: True Inferior Direction Cosines...

obs was 0, now 9

(Note: file rxrrisk4.dta not found)

file rxrrisk4.dta saved

(graph appears, see Figure 4)

RXrrisk: Shrinkage DELTA Factors...

obs was 0, now 9

(Note: file rxrrisk5.dta not found)

file rxrrisk5.dta saved

(graph appears, not shown)

rxrrisk begins by echoing the q-shape selected using q() option. For this example, we have selected q = �5. Next the
OLS estimates b� and b are displayed, followed by the “true” values we loaded. Next, rxrrisk steps through selected values
of m (labeled MCAL). The option m(2) (described later) controls the number of steps. The option t(0.001) sets the search
convergence criterion.

The results of rxrrisk are stored in Stata matrices. rxrrisk converts these matrices to Stata data sets (using rxrmkdta,
a utility routine) and saves these data sets under the names rxrrisk1.dta, rxrrisk2.dta, : : : , rxrrisk5.dta. (If data sets
with these names already exist, they are replaced.) The statistics stored in these data sets are displayed as Stata graphs, four of
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which appear, in slightly edited form, as Figures 1–4. The fifth graph is omitted. All five graphs are also stored on disk under
the names rxrrisk1.gph, rxrrisk2.gph, : : : , rxrrisk5.gph. (Again, previously stored graphs with these names will be
replaced.)

RXrr isk:  Expected Coeff ic ients

0 1 2 3 4

-.5

0

.5

RXrr isk:  True Scaled MSE

0 1 2 3 4

0

10

20

30

Figure 1. Figure 2.

Figure 1 shows how the expected values of the ridge coefficients change as bias is introduced via the q = �5 family. The
dashed line that starts at the top left displays the trace for the predictor variable v3CA (in this, and in succeeding, figures). The line
with the long dashes that also lies above zero displays the trace for v3CS. The line with mixed dots and dashes displays the trace for
v4CAF. The solid line displays the trace for v2CS. The true regression coefficient vector, � = G = (:552; :332;�:020;�:344)0,
is displayed at m = 0 in Figure 1. Thus the first two, true coefficients are positive while the last two are negative. In particular,
note that bias introduced by shrinkage along the q = �5 path can tend to make �3 somewhat more negative than its true value
of �:020.

Figure 2 gives the associated scaled (or “relative”) MSE risks defined as follows. Risk is expected loss (or mean squared
error), and the scaled risk values plotted in Figure 2 are the diagonal elements of the mean squared error matrix each divided by
�
2. Scaled risk values measure the uncertainty in an estimate as a multiple of the variance of a single observation. Scaled risk

values also have the advantage of being known values for least-squares estimates even when regression parameters are unknown.
For example, the values at the left extreme (m = 0) of Figure 2 are the diagonal elements of (X 0

X)�1, which do not depend
upon � = G or �.

The eigenvalues of the difference in scaled risk matrices (least squares minus ridge) are displayed in Figure 3. As long as
these eigenvalues are all nonnegative, no linear combination of least squares coefficients has smaller risk than the corresponding
linear combination of ridge coefficients.

RXrr isk:  Excess Eigenvalues

0 1 2 3 4

-20

0

20

40

60

RXrrisk: Inferior Direct ion

0 1 2 3 4

-.5

0

.5

1

Figure 3. Figure 4.
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At most one excess eigenvalue can be negative (Obenchain 1978), and the corresponding normalized eigenvector (Figure 4)
points in the inferior-direction of p-dimensional space along which ridge has higher risk than least squares. For example, the
first and third direction cosines (for variables v3ca and v4caf) are nearly equal when an inferior direction appears at m = 1:5
in Figure 4. Linear combinations like �1 � �3 are thus essentially orthogonal to the inferior direction at this m, so the ridge
estimate of �1 � �3 probably has lower risk than least squares. But the ridge estimate of �1 + �3 near m = 1:5 can possibly
have higher risk than least squares, because this linear combination has a relatively large projection onto the inferior direction.

Figures 1 through 4 indicate that our numerical example is amenable to ridge shrinkage with q = �5 in equation (12). The
trace of the scaled risk matrix decreases from 51.8 at m = 0 to 0.787 at m = 1:0 and then starts increasing again. Thus an m

value of about 1 is risk optimal when q = �5, and this is like saying that ill-conditioning has effectively reduced the rank of the
regressor matrix by one, from four to three. This makes very good sense in this example because the regressor matrix comes
from a “mixture” equipment with the four regressors adding (except for a relatively large round-off error) to 100 percent.

Simulated responses: rxrsimu

The logical next step in exploring our numerical example is to use pseudo-random numbers to simulate a response vector
for this model using procedure rxrsimu. The results from a single invocation of rxrsimu are displayed in the listing below
and in Figure 5.

. use haldcemt

. matrix rxsigma = (.215)

. matrix rxgamma = (.646,.0,.323,.108)

. rxrsimu heat v3CA v3CS v4CAF v2CS, q(-5) m(2)

RXrsimu: Shrinkage Path has Qshape =-5.00

RXrsimu: Estimated Sigma = .16259326

RXrsimu: Estimated Uncorrelated Components...

c[1,4]

r1 r2 r3 r4

c1 .65695805 .00830862 .30277026 .38803631

RXrsimu: True Sigma = .21513909

RXrsimu: True Uncorrelated Components...

rxgamma[1,4]

c1 c2 c3 c4

r1 .6464179 0 .32320895 .10806987

RXrsimu will now rescale the true sigma and components,

preserving all signal/noise ratios, so as to equate the

expected response sum-of-squares to yTy = 12

RXrsimu: Rescaled True Sigma = .21513909

RXrsimu: Rescaled True Uncorrelated Components...

rxgamma[1,4]

c1 c2 c3 c4

r1 .6464179 0 .32320895 .10806987

RXrsimu: Simulated Sigma = .21311153

RXrsimu: Simulated Uncorrelated Components...

c[1,4]

r1 r2 r3 r4

c1 .65260458 -.02292297 .27097722 1.3641871

MCAL = 0.000 ... True OLS Summed SSE Loss = 34.078349

MCAL = 0.500 ... True Summed SSE Loss = 7.1773437

MCAL = 1.000 ... True Summed SSE Loss = .32067964

MCAL = 1.500 ... True Summed SSE Loss = 1.0210648

MCAL = 2.000 ... True Summed SSE Loss = 2.5054672

MCAL = 2.500 ... True Summed SSE Loss = 2.5509614

MCAL = 3.000 ... True Summed SSE Loss = 3.0736594

MCAL = 3.500 ... True Summed SSE Loss = 5.4985368

MCAL = 4.000 ... True Summed SSE Loss = 11.5

RXrsimu: Simulated Shrinkage Coefficients...

obs was 0, now 9

(Note: file rxrsimu1.dta not found)

file rxrsimu1.dta saved

RXrsimu: Scaled True Squared Error Losses...

obs was 0, now 9

(Note: file rxrsimu2.dta not found)

file rxrsimu2.dta saved
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(graph appears, see Figure 5)

RXrsimu: Shrinkage DELTA Factors...

obs was 0, now 9

(Note: file rxrsimu5.dta not found)

file rxrsimu5.dta saved

(graph appears, not shown)

. list ysim yexp

ysim yexp

1. -1.123823 -1.115586

2. -1.251552 -1.477653

3. .6228011 .7167799

4. -.4981516 -.372227

5. -.0099682 -.0052288

6. .4211500 .651238

7. .3680945 .5466103

8. -1.119887 -1.291865

9. -.2948058 -.2422897

10. 1.434455 1.351955

11. -1.182420 -.8971266

12. 1.404445 1.091739

13. 1.229661 1.043654

There are some similarities in the operation of rxrrisk and rxrsimu. Both commands require that the true values of � and 
are specified in advance. Some of the initial output is identical in both commands as well. Like rxrrisk, the rxrsimu commands
automatically saves Stata data sets (rxrsimu1.dta, rxrsimu2.dta, and rxrsimu5.dta) and Stata graphs (rxrsimu2.gph
and rxrsimu5.gph). rxrsimu adds two variables to the existing data set. ysim contains the simulated values of the response,
while yexp contains the expected values.

Note that minimum overall loss occurs at about m = 1:0 in Figure 5. Also, remember that the expected value of the scaled,
squared-error loss trace of Figure 5 would be the scaled MSE risk trace of Figure 2.

RXrsimu: Squared Error  Loss
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Figure 5.

Data analysis/inference: rxridge

Let us now continue our numerical example by analyzing the simulated responses (ysim) using procedure rxridge as if
we had no knowledge of the true regression parameter settings used to generate the data.

. rxridge ysim v3CA v3CS v4CAF v2CS, q(-5) m(2) t(0.001)

RXridge: Shrinkage Path has Qshape =-5.00

RXridge: Adjusted response sum-of-squares = 12

RXridge: OLS Residual Variance = .04541652

RXridge: Variance of Principal Correlations = .00378471

MCAL = 0.000 ... True OLS Summed SMSE = 51.858386

MCAL = 0.500 ... Estimated Summed SMSE = 13.367138

MCAL = 1.000 ... Estimated Summed SMSE = .53672157

MCAL = 1.500 ... Estimated Summed SMSE = 2.4061363
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MCAL = 2.000 ... Estimated Summed SMSE = 4.819774

MCAL = 2.500 ... Estimated Summed SMSE = 4.8481264

MCAL = 3.000 ... Estimated Summed SMSE = 5.17465

MCAL = 3.500 ... Estimated Summed SMSE = 9.8344084

MCAL = 4.000 ... Estimated Summed SMSE = 18.568804

RXridge: Shrinkage Coefficients...

obs was 0, now 9

(Note: file rxridge1.dta not found)

file rxridge1.dta saved

(graph appears, see Figure 6)

RXridge: Scaled MSE Risk Estimates...

obs was 0, now 9

(Note: file rxridge2.dta not found)

file rxridge2.dta saved

(graph appears, see Figure 7)

RXridge: Excess Eigenvalue Estimates...

obs was 0, now 9

(Note: file rxridge3.dta not found)

file rxridge3.dta saved

(graph appears, see Figure 8)

RXridge: Inferior Direction Cosine Estimates...

obs was 0, now 9

(Note: file rxridge4.dta not found)

file rxridge4.dta saved

(graph appears, see Figure 9)

RXridge: Shrinkage DELTA Factors...

obs was 0, now 9

(Note: file rxridge5.dta not found)

file rxridge5.dta saved

(graph appears, not shown)

RXridge: Estimated Sigma = .21311153

RXridge: Uncorrelated Components... Number of obs = 13

------------------------------------------------------------------------------

ysim | Coef. Std. Err. t P>|t| [95% Conf. Interval]

---------+--------------------------------------------------------------------

c1 | .6526046 .0411443 15.861 0.000 .5577258 .7474834

c2 | -.022923 .0490037 -0.468 0.652 -.1359258 .0900798

c3 | .2709772 .1424142 1.903 0.094 -.0574305 .599385

c4 | 1.364187 1.526713 0.894 0.398 -2.156419 4.884793

------------------------------------------------------------------------------

rxridge saves Stata data sets and graphs using naming conventions analogous to those used by rxrrisk and rxrsimu.

Note that only the estimates of the first and possibly third uncorrelated components are statistically significant, but the
fourth component is huge numerically. Thus our rxrsimu-generated response vector is even more susceptible to ill-conditioning
in X than the original heat data of Hald (1952).

RXridge: Coeff ic ients Trace
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Figure 6. Figure 7.
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Note in Figure 6 that all four least-squares estimates for coefficients are positive (m = 0) and that shrinkage to at least
m = 1 is required to produce ridge coefficients with the “right” numerical signs.

RXridge:  Excess Eigenvalues
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Figure 8. Figure 9.

Figures 7–9 are traces of estimates of scaled risks, excess eigenvalues, and inferior direction cosines, respectively (Obenchain
1978, 1981). These traces are all based upon normal-theory maximum-likelihood, but scaled risk estimates have first been adjusted
using known constants that make them unbiased and then truncated, if necessary, so as to have correct range (no scaled risk
estimate is given that is below its scaled variance lower limit).

Visual examination of Figures 6–9 suggests that the ridge solution at m = 1:0 in the q = �5 family has much more
desirable risk characteristics than does the least squares solution.

Shrinkage path shape: rxrcrlq

So far we have plotted traces using only shape q = �5 in (12). This is because q = �5 was the MSE-optimal shrinkage
path shape for the original Hald (1952) data. And we can use procedure rxrcrlq to verify that this is also the best choice for
the rxrsimu generated data.

. rxrcrlq ysim v3CA v3CS v4CAF v2CS

RXrcrlq: Estimated Sigma = .21311153

RXrcrlq: Uncorrelated Components... Number of obs = 13

------------------------------------------------------------------------------

ysim | Coef. Std. Err. t P>|t| [95% Conf. Interval]

---------+--------------------------------------------------------------------

c1 | .6526046 .0411443 15.861 0.000 .5577258 .7474834

c2 | -.022923 .0490037 -0.468 0.652 -.1359258 .0900798

c3 | .2709772 .1424142 1.903 0.094 -.0574305 .599385

c4 | 1.364187 1.526713 0.894 0.398 -2.156419 4.884793

------------------------------------------------------------------------------

RXrcrlq: Classical, Normal-Theory, Maximum-Likelihood Choice of Q=>Shape

and MCAL=>Extent of Shrinkage in Generalized Ridge Regression...

----------------------------------------------------------------------

The curlicue function, CRL(Q), is the (nonnegative) Correlation

between the R-vector of absolute values of the principal correlations

of regressors with the response and the L-vector of regressor spread

eigenvalues raised to the power (1-Q)/2.

----------------------------------------------------------------------

qvec[21,5]

Qshape MCAL Konst CRL(Q) ChiSq

r1 5 3.9620787 1.760e+08 .05583205 45.426121

r2 4.5 3.9620482 24548041 .05585532 45.426088

r3 4 3.961938 3416311.2 .05593933 45.425969

r4 3.5 3.9615135 471414.18 .05626175 45.425512

r5 3 3.9597236 62767.277 .0576044 45.423578

r6 2.5 3.9511002 7157.8975 .06373354 45.414169

r7 2 3.8986512 460.94542 .09406287 45.353457

r8 1.5 3.4958991 10.524657 .24223801 44.703863
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r9 1 1.4705107 .58134686 .59741232 39.943159

r10 .5 1.4471443 .7457153 .74293599 35.504378

r11 0 1.7167549 2.4715085 .78595994 33.585201

r12 -.5 1.9154949 9.7502148 .81188967 32.212621

r13 -1 2.0447908 40.498435 .83293916 30.94283

r14 -1.5 2.1009248 171.06443 .85209421 29.635774

r15 -2 2.1182805 727.90415 .86989888 28.259285

r16 -2.5 2.1205947 3115.3572 .88627757 26.820271

r17 -3 2.1182927 13417.735 .90110205 25.337028

r18 -3.5 2.1152813 58203.02 .91432178 23.829866

r19 -4 2.1129101 254461.68 .92596664 22.318394

r20 -4.5 2.1116114 1121925.8 .9361225 20.820911

r21 -5 2.1115136 4990888.1 .94490765 19.354315

The most likely Qshape = -5.00 achieves Maximum CRL(Q) and Minimum ChiSq.

This Min ChiSq has degrees-of-freedom = 2 and sig.level =0.000

----------------------------------------------------------------------

In multiple regression models where the Minumum ChiSq is significantly

greater than zero, the 2-parameter generalized ridge family is probably

too restrictive (unlikely to contain the MSE optimal shrinkage factors.)

----------------------------------------------------------------------

rxrcrlq uses the maximum-likelihood equations (15) and (16) to evaluate alternative q-shapes for the shrinkage path. Here
the most likely q-shape is �5 because it achieves maximum CRL(q) and minimum �

2 in the listing above. This minimum �
2

has two degrees of freedom and a significance level that is zero to three decimal places. Thus the two-parameter generalized
ridge family is probably too restrictive (unlikely to contain the MSE optimal shrinkage factors) for this example.

Is there a family of shrinkage (�) factors “less restrictive” than equation (12) that we could consider? Not really; I know
of no proposals for, say, a three-parameter family. A full r-parameter solution (in which each � factor is estimated separately)
is possible, but this would impose no “smoothness” requirements whatsoever on shrinkage factors. (In the current example, the
data strongly suggest taking �2 much smaller than �1 or �3, but there is very little potential for MSE reduction by such a “greedy”
tactic because b2 = �:02 is already tiny, numerically.) Besides, r-parameter estimates are not amenable to visual display using
ridge traces.

It is a straightforward task to generate traces for several different values of q and to make a choice (either objective or
subjective) of the shape one likes best. These traces can change shape and thus interpretation quite drastically as q changes.
Obviously unfavorable choices of q will have minimum SMSE risk either at or very close to m = 0 in Figures 2 and 7.
Furthermore, a negative excess eigenvalue will not only appear for very small m values in Figures 3 and 8 when q is unfavorable,
but this negative eigenvalue will also dominate the most positive eigenvalue in absolute magnitude. Anyway, the most likely
q-shape (which is �5 in our current example) usually strikes me as being adequately general even when the rxrcrlq �2 statistic
is significantly greater than zero.

A search on a finer lattice of q values over a wider range than �5 � q � +5 could be considered, of course, but we must
remember that the primary purpose of the rxrcrlq calculations is simply to interest us in examining the corresponding trace
displays.

Shrinkage extent: rxrmaxl

Other maximum-likelihood approaches besides the classical, fixed-coefficient approach of Obenchain (1975, 1981) are
possible, but they do not yield closed form expressions for the optimal k or m given q. The empirical Bayes approach of
Efron and Morris (1977) and the random coefficient method of Golub, Heath, and Wahba (1979) and Shumway (1982) are two
maximum-likelihood alternatives implemented in rxrmaxl. This program “monitors” all three of the above likelihood criteria
on a lattice of m values, referring to them as CLIK, EBAY, and RCOF, respectively.

. rxrmaxl heat v3CA v3CS v4CAF v2CS, q(-5) m(2) t(0.001)

RXrmaxl: Shrinkage Path has Qshape =-5.00

RXrmaxl: Estimated Sigma = .21311153

RXrmaxl: Uncorrelated Components... Number of obs = 13

------------------------------------------------------------------------------

ysim | Coef. Std. Err. t P>|t| [95% Conf. Interval]

---------+--------------------------------------------------------------------

c1 | .6526046 .0411443 15.861 0.000 .5577258 .7474834

c2 | -.022923 .0490037 -0.468 0.652 -.1359258 .0900798

c3 | .2709772 .1424142 1.903 0.094 -.0574305 .599385

c4 | 1.364187 1.526713 0.894 0.398 -2.156419 4.884793

------------------------------------------------------------------------------
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RXrmaxl: 3 Normal, Maximum-Likelihood Shrinkage Criteria...

(Classical, Empirical Bayes, and Random Coefficients)

MCAL = 0.500

MCAL = 1.000

MCAL = 1.500

MCAL = 2.000

MCAL = 2.500

MCAL = 3.000

MCAL = 3.500

MCAL = 4.000

RXrmaxl: Listings of Three Minus-2-Log-Likelihood Ratios...

CLIK[9,3]

CLIK EBAY RCOF

0 1.000e+100 1.000e+100 1.000e+100

.5 1.742e+12 83.985422 84.219263

1 9.889e+11 74.129038 74.567306

1.5 445435.87 31.003878 32.064207

2 738.64505 19.480671 20.780788

2.5 27.939063 28.33019 21.782698

3 35.164964 71.501773 31.229391

3.5 39.875945 151.47765 39.478093

4 45.465477 256.22102 45.465477

----------------------------------------------------------------------

The Maximum Likelihood choices for MCAL=>Extent of Shrinkage are

the ones that Minimize the CLIK, EBAY or RCOF criteria, above.

----------------------------------------------------------------------

The maximum-likelihood choices for m-extent of shrinkage are the ones that minimize the CLIK, EBAY or RCOF criteria,
above. I used rxrmaxl above to display these criteria for the ysim variable generated by rxrsimu within the q = �5 family.
CLIK is a minus two log likelihood ratio whose minimum has an asymptotic �2 distribution with two degrees of freedom. EBAY
and RCOF are normalized so they cannot become negative, but their minima apparently do not have asymptotic �2 distributions.
Anyway, the EBAY and RCOF criteria both favor m = 2 when q = �5 while CLIK favors m = 2:5. Thus, using the “2=r-ths
Rule-of-Thumb” of Obenchain (1978) for the extent of shrinkage likely to be good (that is, likely to dominate least-squares in
a matrix MSE sense) in this p = r = 4 predictor model, we again find that shrinkage to at least m = 2 � 2=r = 1 is highly
desirable.

The primary reservation that comes to my mind concerning the rxrmaxl.ado calculations is that they are difficult to plot,
at least simultaneously. All start at +1 at m = 0, and EBAY can also be very large as m approaches p. And, again, minimum
values are not comparable. However difficult they may be to produce, plots of these minus two log likelihoods are of interest
because one needs to see how flat each is near its minimum.

A summary of the example

The most striking feature of our example is the extent to which the rxridge estimates mimic their expected values from
rxrrisk. I assure the reader that this mimicry is typical rather than an artifact of the single set of simulated responses generated
using rxrsimu. The overall signal-to-noise ratio here was �0�=�2 = 2:5 when the diagonal elements of X 0

X were scaled to
equal (n� 1) = 12, and one might expect much less mimicry with much lower ratios. I suggest that skeptics simply try it for
themselves.

Next, I ask you to reexamine the estimated traces of Figures 6 through 9. Isn’t it remarkable how much incredibly detailed
information is contained in these traces concerning the extent and effects of shrinkage on ill-conditioned estimates of regression
coefficients?

Syntax

As promised above, this section presents the syntax diagrams for all of the ridge commands.

rxrcrlq depvar varlist [ if exp ] [ in range ] [ , nq(#) qmax(#) qmin(#) rescale(#) tol(#) ]

rxridge depvar varlist [ if exp ] [ in range ] [ , msteps(#) qshape(#) rescale(#) tol(#) ]

rxrmaxl depvar varlist [ if exp ] [ in range ] [ , msteps(#) qshape(#) omdmin(#) rescale(#) tol(#) ]

matrix rxsigma = (#)
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matrix rxgamma = (#,: : :,#)

rxrrisk depvar varlist [ if exp ] [ in range ] [ , msteps(#) qshape(#)

omdmin(#) rescale(#) tol(#) ]

rxrsimu depvar varlist [ if exp ] [ in range ] [ , msteps(#) qshape(#)

rescale(#) start(#) tol(#) ]

msteps(#) specifies the number of steps per unit increase in m, the multicollinearity allowance parameter; the default value
is 4. The total number of steps along the generalized shrinkage path from the least squares solution (m = 0) to all zero
coefficients (m = r) will thus be 1 + (msteps�r), where r = rank(X).

nq(#) specifies an integer number of q-shape values to evaluate between qmin and qmax, inclusive. The default value is 21,
and nq cannot be reset to any integer value less than 9.

omdmin(#) is the strictly positive minimum value to be used for calculation of (1 � �) shrinkage factors. The default is
omdmin= 10�13.

qmax(#) specifies the maximum q-shape to evaluate. The default value is qmax= +5, and qmax cannot be reset to any value
less than +2.

qmin(#) specifies the minimum q-shape to evaluate. The default value is qmin= �5, and qmin cannot be reset to any value
greater than �2.

qshape(#) controls the shape (or curvature) of the generalized shrinkage path through likelihood space; the default value is
0, which yields Hoerl–Kennard “ordinary” ridge regression. qshape= 1 yields uniform shrinkage, and all qshape values
between +5:0 and �5:0 are allowed.

rescale(#) controls the scaling of the response variable and all p predictor variables in the varlist. The default value is
rescale= 1 to scale all centered variables to have sample variance 1 (sample sum-of-squares equal to one fewer than the
number of observations). To retain the original scaling of variables in the Stata .dta file, specify rescale(0).

start(#) controls Stata’s uniform random number seed value, and the rxrsimu default value is 12345. If you make repeated
rxrsimu runs without changing this seed, you will get the same pseudo-random values each time. When you do change
start, make it large, positive, and odd.

tol(#) specifies the search convergence criterion and defaults to 0.01.

Restrictions: Several restrictions apply to the ridge programs.

1. The regression models always contain an intercept (constant) term.

2. The number, p, of (nonconstant) predictor variables, X , in the varlist must be at least two.

3. If p is greater than 20, the programs will refuse to draw trace plots.

4. The dependent variable, y, must be nonconstant.

5. No missing values are allowed.

6. The matrices rxgamma and rxsigma must be set prior to calling rxrrisk and rxrsimu.

The ridge programs internally center all variables to have mean zero, thus the fitted (hyper)plane always passes through
y = 0 at X = 0. The implied y-intercept at the original X origin can, of course, be determined implicitly as the coefficients
for the p, nonconstant regressors change, but the y-intercept is not calculated by the ridge programs.

In addition to coding these ridge programs for Stata, I have programmed my maximum-likelihood ridge algorithms in
SAS/IML, S-PLUS and GAUSS. Also, Bernhard Walter, of the Technische Universität München, has created splendidly interactive
routines for XLisp-Stat. However, the most complete implementation of my algorithms is provided by my stand-alone systems
for MS-DOS personal computers: rxridge.exe, rxtraces.exe, and pathproj.exe (Obenchain 1991 and Nash 1992). For
example, rxridge.exe calculates inference intervals (classical, confidence and Bayes HPD) for shrunken coefficients and performs
ridge residual analyses (outlying responses and/or high leverage regressor combinations). I distribute all of the above software
systems as freeware.
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